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1 Introduction
When dealing with a complex phenomenon in life sciences it is often impossible to deal
with all its aspects. Therefore one has to leave out certain aspects in order to look all
the more closely on the remaining. This gives a possible definition of the term ’model’:
A model does not consider all aspects of a phenomenon but does consider the important
ones.
The term of ’the important’ implies that different models are appropriate for different
situations or requirements. For instance in internal medicine the heart can be considered
as a pump on the one hand and as a conglomerate of excitable cells on the other hand.
The first model can be used for dealing with blood pressure, the second one for dealing
with arrhythmia.
The usage of models is essential in medicine: Every disease in the end is a model that
summarizes the symptoms frequent in different concrete histories of disease and thus
important for the description of this disease. Individual developments of the disease
can differ substantially from each other but are nevertheless subsumed under the same
disease.
Mathematical models force to use exact and non-ambiguous formulations. Moreover
such models have the potential to generate quantitative data that can be compared to
experimental observations. This is an essential quality criterion for a model: It has to
provide predictions that can be validated or falsified in experiments.
In this thesis a modeling approach is used to investigate cell differentiation and tissue
kinetics in the intestine.
1.1 Stem cell theories
Stem cells are involved in tissue regeneration in both health and disease. This makes
them a promising target in regenerative medicine and cancer research. Stemness arises
from the interactions of a stem cell and its niche. Therefore a systems biology approach
is appropriate for dealing with stem cells [1].
The term of stem cells is fuzzy in many points. However there are several commonly
accepted criteria for stem cells. These criteria are functional and therefore define a stem
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cell via certain abilities: Stem cells of a particular tissue are cells that are undifferentiated
relative to the functional tissue and that are capable of proliferation, production of
different functional progeny, self-maintenance of their population and regeneration of
the tissue after injury. Furthermore stem cells are flexible in the use of these options [2].
Not every cell in a certain tissue is a stem cell. This implies that some descendants of
a stem cell have to loose the above described stem cell property. The regulation of this
process is subject to controversies:
A widely accepted theory is that of asymmetric cell divisions. It claims that a stem
cell and a non-stem-cell arise from the division of a stem cell [3]. The asymmetry of
the division can e.g. be the result of the different distribution of certain molecules on
both sides of the mitotic spindle. This behavior enforces a constant number of stem
cells in a certain tissue and leads to the formation of a fixed pedigree of the descendants
of a specific cell. It is therefore called ’pedigree model’ [4]. Another possibility is an
external regulation of the division that can yield the three results ’two stem cells’, ’two
non-stem-cells’ and ’one stem cell and one non-stem-cell’. This kind of regulation makes
the system more flexible and allows to adopt the result of the division to the demand in
the tissue.
In all above models differentiation is coupled with cell division, but separating them
allows for an even more flexible model. In such a model every division of a functional
stem cell yields two functional stem cells in a first step. In a second step their fate is
regulated by their environment. In our computer model we assume this flexible way of
regulation.
If cell fate is regulated by the environment, transformation of a non-stem-cell into a
stem cell becomes possible. This behavior has been first proposed for hematopoetic stem
cells [5]. It has been shown to be valid in mesenchymal stem cells as well [6] and is an
important assumption of our model.
1.2 The epithelium of the small intestine
1.2.1 Anatomy and functional organization
According to the principle of surface maximization the intestinal epithelium is repeatedly
folded on different levels. The top level is the folding of the gut tube that allows to place
5 m of intestine in 30 cm of the human abdomen. Deeper levels are the crypts of
Lieberku¨hn and finally crypts and villi on the microscopic scale. These invaginations of
the gut constitute the morphological unit of the computer model used (see Fig. 1 of the
manuscript).
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Every cell of the intestinal epithelium runs through a process in which it moves from
the bottom of the crypt to the top of the villus where it is finally shed. During this
process a cell divides about 4 to 5 times.
At the base of the crypts there are functional stem cells. This distinct localization
makes the intestinal crypt an ideal system for the study of stem cells. Recently Lgr5
has been identified as a marker for intestinal functional stem cells [7]. After leaving
the stem cell compartment a cells passes the so called ’transit amplifying’ compartment
where brisk cell division takes place. Having passed this compartment the cell stops
proliferating and terminally differentiates. The way from the bottom of the crypt to the
top of the villus takes about 3 days, making the gut one of the most rapidly renewing
tissues.
Differentiation in the intestine heads for certain directions: Besides nutrient absorbing
enterocytes there are goblet cells that produce mucus. Paneth cells escape the stream
towards the crypt orifice that is typical for enterocytes and goblet cells and reside on the
crypt bottom until they undergo apoptosis after up to 57 days [8]. Furthermore there is
a significantly smaller number of enteroendocrine cells. They are not considered in the
model used. The differentiation of stem cells into these cell types is regulated by the
signalling factors Wnt and Notch described in the next section.
1.2.2 Signaling pathways involved
The Wnt-pathway
The Wnt-pathway activity depends on the position along an axis, e.g. the crypt-villus
axis in our model.
Wnt is a soluble molecule that binds to the Frizzled receptor. This leads to a con-
formation change that destabilizes an otherwise stable complex of APC (adenomatous
polyposis coli), β-catenin and other molecules. If stable, this complex initiates the de-
gration of β-catenin. However by its dissociation β-catenin is set free and can have
its numerous effects: In the nucleus it binds to the transcription factor TCF 4 (T-cell-
like-factor). This enhances the transcription of genes regulating cell cycle, cell-cell and
cell-matrix interactions [9].
The activity of the Wnt pathway represented by the amount of binding of β-catenin
to transcription factors shows a gradient along the crypt-axis with strong activity at the
crypt bottom and weaker activity towards the villus. The mechanisms establishing this
gradient are unclear. Because such a gradient also forms under constant high external
Wnt stimulation [10] it seems likely that Wnt pathway activity is regulated independent
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from external Wnt signals.
High Wnt pathway activity is often found in places of high curvature. Additionally
several connections between biomechanics and the Wnt pathway have been shown [11].
Thus, the Wnt gradient could be the result of a corresponding gradient of curvature of
the basal membrane. Thereby the modification of basal membrane by the cells could
lead to a positive feedback mechanism that stabilizes the resulting combination of Wnt
gradient and curvature.
The Notch pathway
In our model Notch causes lateral inhibition of secretory cells leading to their separation.
Notch is a transmembrane receptor. It is activated by the binding of ligands like
Delta to the extracellular domain. This leads to cleavage of the extracellular part of
the notch molecule by a metalloprotease. After another cleavage by γ-secretase the
intracellular domain (NICD) of the receptor is set free and able to interact with the
transcription factor CSL in the nucleus. This transcription factor activates Hes that
suppresses differentiation to secretory cell lines [13].
In our model Notch causes lateral inhibition of secretory cells leading to their separa-
tion.
1.3 The computer model used
We use a single cell based computer model to simulate stem cell dynamics and tissue
kinetics in the murine intestinal crypt. A single cell based model threats cells as the
acting individuals of a simulated tissue. This allows to consider different properties of
indivual cells making it the model of choice for dealing with cell differentiation.
The biomechanical features of the cells and of the basal membrane are explicitly mod-
elled leading to virtual representation of the tissue geometry. This permits to reproduce
experimental techniques like the labeling of cells with clonal markers and the preparation
of histological section as experiments in silico and the data gained can be compared to
experimental data.
In the biomechanical model used, isolated cells are represented by elastic spheres
in an overdamped regime where every force is balanced by frictions. Forces on the
cells result from their adhesion, compression and deformation [14],[15]. Cells have an
intrinsic volume they adopt if they are not compressed by another cell. If two cells
establish contact they form a circular contact area and their volumes are reduced by the
overlapping space of the uncompressed spheres leading to compression and deformation
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energy. The adhesion energy resulting is proportional to the contact area. The basal
membrane is explicitly modeled by a net of polymers. This net has a defined density
that is large enough to prevent cells from crossing the basal membrane but small enough
to keep the model computationally tractable. The basal membrane interacts with the
cells via integrins, transmembrane molecules that bind to the cell skeleton and to the
extracellular matrix. The adhesional force between cells and the basal membrane is
constant over a wide span because equal numbers of integrins are capable of clustering
on smaller and larger contact areas. Interaction between cells and the basal membrane
is adhesive in most cases but becomes repulsive if a cell gets too close to the basal
membrane.
During a cell cycle the intrinsic volume of a cell is increased if the cell is not compressed
by its neighbours. Mitosis is initiated upon reaching a volume twice the start volume.
A cell undergoes anoikis, i.e. apotosis after detachment from the basal membrane if it
looses contact to the basal membrane. The model only considers the crypt up to the
crypt-villus junction.
The pathways involved are modelled via phenomenological rules: The gradient of
the Wnt pathway activity along the crypt-villus axis is represented in the model by
assuming two threshold positions: Below a first threshold a cell becomes either a Paneth
cell or a functional stem cell depending on the activity of the Notch pathway. Above
this threshold a cell becomes either an enterocyte or a goblet cell. In this range cell
differentiation is reversible. After passing the second threshold a cell becomes terminally
differentiated and ceases proliferation after finishing its current cell cycle. Notch activity
within a cell is calculated as the sum of the notch ligand expression of the next neighbour
cells. Goblet cells lead to a stronger activation of the Notch pathway than Paneth cells.
A cell with a Notch activity below a certain threshold differentiates into a secretory
progenitor cell, i.e. a Paneth or goblet cell progenitor and as a secretory cell then
produces notch ligands. Above this threshold the cell becomes either an enterocyte or a
functional stem cell.
1.4 Experimental techniques
In order to validate our model, experimental data is needed.
We used BrdU label index data (1), data on clonal conversion (2) and data from
transgenic mice (3).
1) An import and long used technique for investigating cell kinetics in the intestine
is BrdU labelling: BrdU (bromodesoxyuridine), a modified nucleoside, is given in-
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traperitoneally to mice. Being a thymine analogon it becomes incorporated into the
genome of cells in the S-phase of their cell cycle. BrdU is inherited to both daughter
cells at cell division. In tissue sections made at different times after injection, BrdU
can be stained with specific antibodies after denaturation of the DNA. The frequency
of a marked cell is counted for each position along the crypt axis. Information about
proliferation activity and cell movement can be derived from these distributions and
their development over time [16].
2) Another important possibility to study stem cell dynamics is to examine clonal de-
velopment in the crypts. For that purpose a mutation leading to the formation of
a binding site for Dolichos biflorus agglutinin can be induced. This enables staining
the progeny of a cell. The mentioned mutation appears seldom enough to ensure that
only one cell is marked in each crypt [17]. The integration of the gene of a bacterial
galactosidase also allows the tracing of the clones of certain cells. After incubation
with the artificial substrate, X-Gal gene carrying cells are stained blue [22].
3) Transgenic mice allow the specific study of the influence of signaling factors on cell
differentiation in a way similar to that in the simulations. By using a Cre recombinase
it is possible to suppress the expression of genes that are essential for ontogenesis and
whose mutation would be letal in embryogenesis, in adult mice. For that purpose the
gene that has to be inactivated is flanked by two loxP sequences. Upon activation
of Cre by a Tamoxifen promoter the sequence between the loxP sequences and thus
the targeted gene is excised. Because this change is genetically fixed it is inherited
to all daughter cells [18]. Similarily a gene can be activated by excising a sequence
that blocks transcription. Using this methods, the activity of the Wnt pathway can
be increased by deletion of the APC gene [19] and decreased by deletion of the β-
catenin gene [20]. The same is possible by the expression of a constitutively active
Notch receptor [13] and by the deletion of the Notch dependent transcription factor
CSL [21]. Additionally, the Notch pathway can be blocked by administering a γ-
secretase inhibitor [21].
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3 Summary
1. We use computational simulations of a mathematical model to investi-
gate stem cell kinetics and tissue dynamics in the intestinal crypt.
The intestinal crypt is an eligible system to study stem cell kinetics and tissue
dynamics, because:
i) in this system stem cells are confined to an anatomically defined region,
ii) these stem cells specify into at least four different functional cell lines,
iii) the entire system renews within a few days.
We designed a comprehensive model that links the molecular, cellular and tissue
level of description of the intestinal crypt. In simulation studies we show that the
model is able to quantitatively describe and predict the dynamic behaviour of the
intestinal tissue:
i) during steady state as well as
ii) after cell damage and
iii) following selective gain or loss of gene function manipulations affecting Wnt-
and Notch-signalling.
2. We assume reversibility of cell fate decisions.
The basic assumption of our model is that cell differentiation is controlled by
interactions of a cell with its environment. In the crypt it is regulated by the
activities of the Wnt- and Notch-pathway. As these activities may change locally,
cells are able to change their fate up to a certain point in differentiation. This
allows for rapid adaption to changing needs.
3. We assume that intestinal stem cells are defined by specific interactions
with the environment.
As a particular application of the concept of reversibility we assume an environ-
mental defined stem cell fate. This assumption is based on results of combined
experimental and modelling studies on hematopeotic stem cells, which we here
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extend to the intestinal system. It is in contrast to traditional theories, where the
commitment of a cell to the lineage of functional stem cells has been linked to cell
division, and each division of a stem cell is thought to be asymmetric yielding a
stem cell and a non-stem cell.
4. We asssume the Wnt- and Notch- pathway activities to regulate intestinal
fate decisions.
Wnt- and Notch-pathway activities have been demonstrated experimentally to
represent key factors of intestinal cell proliferation and differentiation. Gain or
loss of function manipulations affecting these signalling factors result in severe
phenotypes. In our model we assume that the fate decisions regarding intestinal
stem cell differentiation are exclusively determined by these activities.
5. We explicitly model the biomechanics of cells and basal membrane.
In the model cells are represented by elastic spheres. The basal membrane is rep-
resented by a polymer net of controlled density defining the form of the crypt. Cell
movement is calculated using Newton’s law of motion in an overdamped regime
taking into account forces from cell adhesion, deformation and compression. Ac-
cordingly, cell specific biomechanic parameters as the cell adhesion constant or the
Young modulus directly affect cell motion.
6. We demonstrate that the model is able to quantitatively describe a
plethora of experimental data in steady state and after disturbances
We performed and analyzed a series of in silico experiments in parallel to ex-
periments described in the literature. First the model parameter were adjusted
forcing the model to correctly reproduce data from BrdU (bromodeoxyuridine) la-
bel index experiments giving information about position dependent proliferation.
Subsequently, further experiments were simulated. We found that the model cor-
rectly reproduces among others data on clonal conversion and gain and loss of
function manipulations of the Wnt and Notch pathway.
7. We predict that crypts fully recover after complete elimination of cellular
subpopulations including that of functional stem cells.
We have simulated crypt organisation following the elemination of a subpopulation
of cells. We found that in response other cells change their fate and take over the
function of the eliminated cells. Since this is also possible for functional stem
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cells the system is robust against their elimnation, too. Thus, the above described
reversibility of cell fate decisions allows for high robustness of the model crypt.
8. We hypothesize that flexibility and reversibility are key elements of
robust tissue organisation.
In the simulations performed and analyzed the system was found to be robust
against the elimination of all subpopulations. The fact that real tissues are able
to recover in a likewise manner suggests that cell fate is reversible there, too.
9. We demonstrate that mathematical models produce quantitative data
that can be used to gain mechanical insights in life sciences.
A particular strength of mathematical models is their ability to produce quan-
titative data that can be compared to experiments. Since in a model assumed
mechanisms of cell behaviour can be explicitly manipulated, mathematical models
are a usefull tool for generating and verifying hypotheses about these mechanisms.
This applies in particular to life sciences where direct observation of mechanisms
at the molecular and cellular level is often impossible.
The author of this thesis wrote substantial parts of the programms used and per-
formed and analyzed all simulations. Furthermore he contributed to the development
of the mathematical model and to paper writing.
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